Abstract. Shimada and Zhang studied the existence of polarizations on some supersingular K3 surfaces by reducing the existence of the polarizations to that of ternary [12, 5] codes satisfying certain conditions. In this note, we give a classification of ternary [12, 5] codes satisfying the conditions. To do this, ternary [10, 5] codes are classified for minimum weights 3 and 4.
Introduction
A ternary [n, k] code C is a k-dimensional vector subspace of F n 3 , where F 3 denotes the finite field of order 3. The weight wt(x) of a vector x is the number of non-zero components of x. The minimum non-zero weight of all codewords in C is called the minimum weight of C. A ternary [n, k, d] code is a ternary [n, k] code with minimum weight d. Throughout this note, we denote the minimum weight of a code C by d(C).
Shimada and Zhang [9] studied the existence of polarizations on the supersingular K3 surfaces in characteristic 3 with Artin invariant 1 (see [9, Theorem 1.5] for the details). This was done by reducing the problem of the existence of the polarizations to a problem of the existence of ternary [12, 5] codes C satisfying the following conditions: wt((x 1 , x 2 , . . . , x 10 )) ≡ y 1 y 2 (mod 3), (1) if c is not the zero vector, then wt((x 1 , x 2 , . . . , x 10 )) ≥ 3, (2) if wt((x 1 , x 2 , . . . , x 10 )) = 3, then (y 1 , y 2 ) = (0, 0), (3) for any codeword c = (x 1 , x 2 , . . . , x 10 , y 1 , y 2 ) ∈ C (see [9, Claim 5.2] ). Seven ternary [12, 5] codes satisfying the conditions (1)-(3) were found by Shimada and Zhang [9] . This motivates us to classify all such ternary [12, 5] codes.
For ternary [12, 5] codes satisfying the conditions (1)-(3), the following equivalence is considered in [9] . We say that two ternary [12, 5] codes satisfying the conditions (1)-(3) are SZ-equivalent if one can be obtained from the other by using the following: (x 1 , . . . , x 10 , y 1 , y 2 )
where α 1 , . . . , α 10 , β ∈ {0, 1} and σ ∈ S 10 , τ ∈ S 2 (see [9, Remark 5.3] ). Here, S n denotes the symmetric group of degree n.
The main aim of this note is to give the following classification, which is based on a computer calculation. Let C be a ternary [n, k] code. The code obtained from C by deleting some coordinates I in each codeword is called the punctured code of C on I. Throughout this note, we denote the punctured code of a ternary [12, 5] code C on {11, 12} by P un(C). Let d max (n, k) denote the largest minimum weight among ternary [n, k] codes. It is known that d max (10, 5) = 5 and d max (12, 5) = 6 (see [2] , [5] ).
Lemma 2.
If C is a ternary [12, 5] code satisfying the condition (2), then P un(C) is a ternary [10, 5] code and d(P un(C)) ∈ {3, 4, 5}.
Proof. Suppose that P un(C) has dimension at most 4. Then we may assume without loss of generality that C has generator matrix whose first row is (0, 0, . . . , 0, y 1 , y 2 ), where (y 1 , y 2 ) = (0, 0). This contradicts with the condition (2). Hence, P un(C) is a ternary [10, 5] code. Again, by the condition (2), P un(C) has minimum weight at least 3. Since d max (10, 5) = 5, the result follows. Proof. By Lemma 2, P un(C) is a ternary [10, 5] code and d(P un(C)) ∈ {3, 4, 5}. It is trivial that d(C) − d(P un(C)) ∈ {0, 1, 2}. Suppose that d(P un(C)) ∈ {4, 5}. Let x = (x 1 , . . . , x 10 ) be a codeword of P un(C). If wt(x) = 4 (resp. 5), then any corresponding codeword (x 1 , . . . , x 10 , y 1 , y 2 ) of C has weight 6 (resp. 7), by the condition (1). Since d max (12, 5) = 6, we have that d(C) = 6. Conversely, if d(C) = 6, then it follows from d max (10, 5) = 5 that d(P un(C)) ∈ {4, 5}.
Suppose that d(P un(C)) = 3. Let x = (x 1 , . . . , x 10 ) be a codeword of P un(C). If wt(x) = 3, then any corresponding codeword (x 1 , . . . , x 10 , y 1 , y 2 ) of C has weight 4, by the conditions (1) and (3) . Hence, we have that d(C) = 4. Conversely, suppose that d(C) = 4. Then d(P un(C)) ∈ {2, 3, 4}. By the condition (2), d(P un(C)) ∈ {3, 4}. From the statement (i), d(P un(C)) = 3.
Recall that two ternary codes are equivalent if one can be obtained from the other by permuting the coordinates and (if necessary) changing the signs of certain coordinates. For ternary [10, 5] codes, we consider this usual equivalence.
Lemma 4. Let C and C ′ be ternary [12, 5] codes satisfying the conditions (1)- (3) . Suppose that C and C ′ are SZ-equivalent. Then P un(C) and P un(C ′ ) are equivalent.
By considering the inverse operation of puncturing, one can construct ternary [12, 5] codes satisfying the conditions (1)-(3) as follows. Throughout this note, we denote the ternary code having generator matrix G by C(G). Suppose that C(G) is a ternary [10, 5] code and d(C(G)) ∈ {3, 4, 5}. Let g i denote the ith row of G. Consider the following generator matrix:
where
We denote this generator matrix by G(a, b), where a = (a 1 , . . . , a 5 ) and b = (b 1 , . . . , b 5 ). The set of the codes C(G(a, b)) contains all ternary [12, 5] codes C satisfying the conditions (1) and P un(C(G(a, b))) = C(G). Hence, in this way, every ternary [12, 5] code satisfying the conditions (1)- (3) can be obtained from some ternary [10, 5] code. Here, by Lemma 3, its minimum weight is 3, 4 or 5. In addition, if C(G) and C(G ′ ) are equivalent [10, 5] codes, then the sets of all codes C(G(a, b)) satisfying the conditions (1)- (3) is obtained from the set of all codes C(G ′ (a, b)) satisfying the same conditions by considering (4) with β = 0 and τ is the identity permutation. Hence, it is sufficient to consider only inequivalent ternary [10, 5, d ] codes with d ∈ {3, 4, 5} for the classification of ternary [12, 5] codes satisfying the conditions (1)-(3). This is a reason why we consider the classification of ternary [10, 5, d ] codes with d ∈ {3, 4, 5} in the next section. There is a unique ternary [10, 5, 5] code, up to equivalence [6] . In this section, we give a classification of ternary [10, 5, d ] codes with d ∈ {3, 4}, which is based on a computer calculation.
We describe how ternary [10, 5, 3] codes and [10, 5, 4] codes were classified. Let C be a ternary [10, 5, 3] code (resp. [10, 5, 4] code). We may assume without loss of generality that C has generator matrix of the following form:
A , where A is a 5 × 5 matrix over F 3 and I 5 denotes the identity matrix of order 5. Thus, we only need consider the set of A, rather than the set of generator matrices. The set of matrices A was constructed, row by row, as follows, by a computer calculation. Let r i be the ith row of A. Then, we may assume without loss of generality that r 1 = (0, 0, 0, 1, 1) (resp. r 1 = (0, 0, 1, 1, 1) ), by permuting and (if necessary) changing the signs of the columns of A.
Let e 1 , . . . , e 5 denote the vectors (1, 0, 0, 0, 0), . . . , (0, 0, 0, 0, 1), respectively. We denote the ternary code generated by vectors y 1 , y 2 , . . . , y s by y 1 , y 2 , . . . , y s . For x = (x 1 , . . . , x 5 ) ∈ F 5 3 , consider the following conditions:
• the first nonzero element of x is 1,
• the ternary code (e 1 , r 1 ), (e 2 , x) has minimum weight 3 (resp. 4),
, where we consider a natural order on the elements of F 3 = {0, 1, 2} by 0 < 1 < 2. The determination of the minimum weights was done by a computer calculation for all codes in this note. Let X 1 be the set of vectors x ∈ F 5 3 satisfying the first three conditions. Let X 2 be the set of vectors x ∈ X 1 satisfying the fourth condition. Our computer calculation shows that (#X 1 , #X 2 ) = (115, 18) (resp. (88, 14) ). Define a lexicographical order on X 1 induced by the above order of F 3 , that is, (a 1 , . . . , a 5 
. . , a k = b k and a k+1 < b k+1 for some k ∈ {1, 2, 3, 4}. The matrices A were constructed, row by row, satisfying the following conditions:
• the ternary code (e s , r s ) | s = 1, 2, 3 has minimum weight 3 (resp. 4), where r 2 ∈ X 2 , r 3 ∈ X 1 , • the ternary code (e s , r s ) | s = 1, 2, 3, 4 has minimum weight 3 (resp. 4), where r 2 ∈ X 2 , r 3 , r 4 ∈ X 1 (r 3 < r 4 ), • the ternary code (e s , r s ) | s = 1, 2, 3, 4, 5 has minimum weight 3 (resp. 4), where r 2 ∈ X 2 , r 3 , r 4 , r 5 ∈ X 1 (r 3 < r 4 < r 5 ). It is obvious that the set of the matrices A which must be checked to achieve a complete classification, can be obtained in this way.
Then, by a computer calculation, we found 4328352 (resp. 650051) matrices A. Our computer calculation shows the 4328352 ternary [10, 5, 3] codes (resp. 650051 ternary [10, 5, 4] We denote the 135 ternary [10, 5, 4] codes by C 10,4,i (i = 1, 2, . . . , 135), and we denote the 1303 ternary [10, 5, 3] codes by C 10,3,i (i = 1, 2, . . . , 1303). Generator matrices of all codes can be obtained electronically from [1] .
The unique ternary [10, 5, 5] code C 10,5 is formally self-dual, that is, the Hamming weight enumerators of the code and its dual code are identical. In addition, the supports of the codewords of minimum weight in C 10,5 form a 3-design [3] . We verified by a computer calculation that 38 ternary [10, 5, 4] codes and 242 ternary [10, 5, 3] codes are formally self-dual. In addition, we verified by a computer calculation that the supports of the codewords of minimum weight in only the code (1)- (3) In this section, we give a classification of ternary [12, 5] codes satisfying the conditions (1)- (3), which is based on a computer calculation. This is obtained from the classification of ternary [10, 5, d ] codes with d ∈ {3, 4, 5}, by using the method given in Section 2. [10, 5, 5] code and the [10, 5, 4] codes. As described in the previous section, there is a unique ternary [10, 5, 5] code, up to equivalence [6] . It follows from [3] that this code C 10,5 has generator matrix G 10,5 = I 5 A , where A is the following circulant matrix:
From the
In order to construct all ternary [12, 5] codes C satisfying the conditions (1) and P un(C) = C 10,5 , we consider generator matrices G 10,5 (a, b) of the form (5) . Since the weight of each row of G 10,5 is 5, (a i , b i ) = (1, 2) or (2, 1) for i = 1, 2, 3, 4, 5. By (4), we may assume that (a 1 , b 1 ) = (1, 2). Since the weight of the sum of the first row and the second row of G 10,5 is 5, (a 2 , b 2 ) must be (1, 2) . Similarly, we have that (a i , b i ) = (1, 2) for i = 3, 4, 5, since A is circulant. In addition, we verified by a computer calculation that this code satisfies the condition (1) . Note that the code automatically satisfies the conditions (2) and (3). We denote the code by C 12,1 . Now, consider the ternary [10, 5, 4] codes C 10,4,i (i = 1, 2, . . . , 135). By considering generator matrices of the form (5), we found all ternary [12, 5] codes C satisfying the conditions (1) and P un(C) = C 10,4,i . This was done by a computer calculation. We denote by G 10,4,i the generator matrix I 5 A of C 10,4,i for each i. Since the weight of the first row of A is 3 (see Section 3), by (4), we may assume that (a 1 , b 1 ) = (1, 1) in (5) . Under this situation, we verified by a computer calculation that only the codes C 10,4,60 and C 10,4,132 give ternary [12, 5] codes satisfying the condition (1) . Note that these codes automatically satisfy the conditions (2) and (3). In Table 1 , we list the matrices A and (a T , b T ) in G 10,4,i (a, b) for i = 60, 132, where a T denotes the transposed of a vector a. It can be seen by hand that the two codes C (G 10,4,60 (a, b) ) are SZ-equivalent. By Lemma 4, there are two ternary [12, 5] codes C satisfying the conditions (1)-(3) and the condition that P un(C) is a ternary [10, 5, 4] code. We denote the two codes by C 12,2 and C 12,3 , respectively (note that take the first (a T , b T ) for i = 60). [10, 5, 3] codes. By considering generator matrices of the form (5), we found all ternary [12, 5] codes C satisfying the conditions (1) and P un(C) = C 10,3,i (i = 1, 2, . . . , 1303). This was done by a computer calculation. We denote by G 10,3,i the generator matrix I 5 A of C 10,3,i for each i. Since the weight of the first row of A is 2 (see Section 3), by (4), we may assume that (a 1 , b 1 ) = (0, 1) in (5) . Under this situation, we verified by a computer calculation that only the codes C 10,3,i give ternary [12, 5] [10, 5, 3] code. We denote the four codes by C 12,i (i = 4, 5, 6, 7), respectively. wt((x 1 ,...,x 10 )) y n 1 z n 2 , where n 1 and n 2 are the numbers of 1's and 2's in (y 1 , y 2 ), respectively. We verified by a computer calculation that the codes C 12,i (i = 1, 2, . . . , 7)
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